INTRODUCTION AND MAIN RESULTS
This paper is devoted to the study of the null controllability of the semilinear heat equation Tlie null controllability problem for (1.1) can be forrnulated as follows: Given Note that, in view of the condition f(O) = O, u == O is an equilibrium solution of system (1.1) in the absence of control, i.e., with h == O. Thus, in the null controllability problern uncler consideration, we intencl to clrive the solution to the equilibrium in time 1'. Of course, if (1.3) is achievecl, extending the control by zero for all t~T we obtain a globally definecl solution of (1.1) such that u(t) == O for all t~1'.
There is a large literature on the null controllability of heat equations in bounclecl domains. Let us brieflymention some of the existing works.
In the context of linear heat equations with time independent coeffic:ients D.1.
Russel [14] provecl that the null controllabilityof tho heat equation for al! T > O is a consequence of the exact control!ability of the wave equation for somc 1'. More rccently, G. Lebcau <lile!1. Robbiano [9] proved the null controllability without Cllly g(~Ollwtri(' rcstricr ious Oll the OP(~1l subset tu where the control ClCtSusing Fourier series and sharp estimates on the eigenfunctions of the Laplacian obtained by means of Carlemari's inequalities. Similar results but in a more general context induding time-dependent coefficients were prove by A. Fursikov and O. Yu. Imanuvilov [7] using global Carleman's inequalities for the heat equation. In [7] local null-controllability resulta were also proved for semilinear heat equations (see also [8] ). More recently, the connections between null and approximate controllability were investigated in [5] .
In [6] the null controllability of (1.1) was proved for a class of non-linearities for which blow-up phenomena may arise.
There is a large literature on the so-called approximate controllability problem as well. System (1.1) is said to be approximately controllable in time T if the reacli-
In [3] the approximate controllability was proved to hold in bounded domains with globally Lipschitz non-linearities. This result was extended to the case of unbounded domains in [15] . However the properly of null-controllability is much stronger and very little is known when the dornain D is unbounded.
Recently, in [13] the one-dimensional linear heat equation was considered in D = lR+ = (0,00) with control at the extreme x > O. It was proved that, within the class of solutions defined by transposition, there is no srnooth, cornpactly supported initial data that might be driven to zero in finite time.
This result shows how differently the null controllability property behaves in bounded and unbounded domains. Note that, as indicated above, approximate controllability does hold even in unbounded domains due to infinite speed of propagation.
I3ut null controllabilitynotl
Analyzing the proof of [13] it becomes olear that such a negative result holds sincc we are controlling the heat equation in an unbounded domain by rneans of a control localized in a bounded domain.
Thus, we leave an unbounded regio n without control and this is the cause of the lack of null controllability. However, in this paper, even if the domain D is unbounded, the control acts on a large subdomain that only leaves a bounded subset uncontrolled.
It is then natural to expect the positive results of the case where n is bounded to hold. We refer to the bibliography for a more complete list of references.
The main result of the paper is the following: 
• System (l. 
O
(ii) One rnay expect the same result to be true when f depends both u and \lu in a globally Lipschitz way. In the case of a bounded domain this result was preved in [8] . We refer to section 4 for a more detailled discussion of this issue.
The papel' is organized as follows: Section 2 is devoted to prove the nu11 controllabili ty of the linearized system. In Section3 we prove Theorem 1.1 by a fixecl point method. Finally in Section 4 we discuss some possible extensions of the results and methods of this paper.
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ANALYSIS OF THE LINEARIZED SYSTEM
For the sake of completeness, first of all, we recall the definition of domain of class es uniforrnly. We say that a domain (bounded or not) is uniforrnly regular of cla. ...,s es (s 2:: 1) (see [1] 
To begin with let us consider the following initial-boundary value problem for thlinear heat operator
The followiug holds: 
Proof of Theorem 2.1. We proceed in several steps.
Step 1. Observability.
Let l1S cousider the adjoint system FOR THE SEMILINEAR ... (8) .
We refer to [6] for the proof of the existence of a function satisfying (2.8). Let «; > O be such that Ko~5 m:x r¡o -6 mjn r¡o and set
here A is a sufficiently large positive constant that only depends on 8 and w and that will be fixed later on. Notice that pl > O in 8. We also introduce
and the space
The following Global Carleman Inequality holds (see for instance [5] 
, fx(t)
for any x E e, t E (O, T) with
fx(t) = t 3 (T -t)-3 exp C~S;~X)))
The minimum of 9x is achieved at f =~spl(X) and 9x(f) = (~SPl(X)) 3 e
.
On the other hand, 9x(0) = 00 and 9x is decreasing for r E (O, f) and increasing for T > f. Thus, 
p(x, t)-2s rl(T _ t)-l == _1_

hx(t} with ( 28 p1 (X)) (28 p1 (X)) h.~(t) = t(T -t) exp t(T _ t) = T exp T = jx(T) and T = t(T -t) E [O, T 2 /4].
When t E [T /4, 3T
JeX(T/4,3T/4) JwX(O,T) .
where CI = exp (e(1+Co +~) ).
Let Al be the first eigenvalue of -~in HJ(O). In view of (2.21), O = Pl'P and also according to the choice of Pl , we deduce that (2.22) 
It follows that (2.25) r cp(0)2 dx :S C3~¡r r
,i dx. Jo
JOX(T/4,3T/4)
In view of (2.25) and (2.22), we deduce that In fact, one has the following result:
is a solution 01 
Thus, by using energy estimates, one has
1\1~IL2(Ax(O,T)) ::; CIEt'I/J17 -2E\1'I/J . \117 -E'I/J~17IL2(O,T,H-l(A))
where e = c(a).
Furthermore, we remark thatĨ
St'I/J17 -2E\1'I/J· \117 -s'I/J~17I_L2(0, T, H-1(A)) ::; cl'I/JIL2(O,T,L2(A))
and in view of \1~=
I\1' I/J IL2(8,T-8,L2 (K)) ::; cl'I/JIL2(O,T,L2(A))
O
In view this, we deduce that { 1\7~12dxdt ::; e (T J~2 dxdt.
l(8,T-J)XK lo w
Thus, (2.28) holds.
Step 2. Approximate controllability.
In view of the uniform observability inequality (2.3) the null controllability result of Theorem-1.1 can be proved as the limit of an approximate controllability property.
Let us first discuss the approximate controllability.
Given Uo E L2(0,) and o > O we introduce the quadratic functional Then J" has a unique minimizer in L2(0). Let us denote it by 0°'''. It is easy see that the control h" = 0", where 0" is the solution of (2.2) associated to the minimizer 0°''', is such that the solution of (2.1) satisfies of J"
We refer to [3] for the details of the proof. In order to get a uniform bound on the control we observe that, by (2.3),
with e>°independent of 6. On the other hand,
Combining (2.34) and(2.35) we deduce that
Step 3. Null controllability.
Extracting subsequences we deduce that T) ). Itis easy to see that the limit h is such that the solution u of (2.1) satisfies (1.3).
Moreover, by lower semicontinuity of the norm with respect to the weak topology and in view of (2.37) we deduce that:
(2.38)
IhIL2(nx(0,T)) ::; liT1rf Ih"IL2(nx(O,T)) ::;~luolL2(n) .
This concludes the proof of Theorem 2.1.
D 3. Proof of the main result
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1: First of all note that system (1.1) can be written as follows:
Therefore it is sufficient to analyze the controllability of the system:
Indeed, if q is the control for (3.2), h' = f (u) + q is the control for (1.1) and viceversa. The advantage of writing system (1.1) in the form (3.2) is that the nonlinearity is now localized in a bounded subdomain of D, according to property (1.2) , and this is important to guarantee the compactness properties that are needed to apply the fixed point argumento We introduce the non-linearity
Note that g is a uniformly bounded function with Igloo ::; 11'100' T) ) we consider the "linearized" system: With this notation system (3.4) may be rewritten in the form Therefore, the controls qc5 are uniformly bounded in L2(W x (O, T) ).
This allows to build a nonlinear mapping
Thus, the approximate control problem for system (3.2) is reduced to find afixed point for the map
is such that N(v) = u, u solution of (3.6) is actually solution of (3.2) . Then, the control q/j = q/j(v) is the one we were looking for since, by construction, U/j = u,,( v) satisfies (3.7).
As we shall see, the nonlinear map N satisfies the following two properties:
N is continuous and compact { the range of N is bounded, i.e., :3 M > O:
In view of these two properties and as a consequence of Schauder's fixed point Theorem, the existence of a fixed point of N follows irnmediately. We shall return later to the proof of (3.9) and (3.10). By the moment let us assume that these properties hold. Then, we have found a control q{¡ in ,&2(0,T, L2(w)) suc'h that the 
with an estimate of the form (3.13)
Passing to the limit as Ó ---+ O, as in section 2, we deduce the existence of a lirnit control q E L 2 (0, T, L2(0,)) such that the solution u of (3.2) satisfies (1.3) and (1.4). Let us now return to the proof of (3.9) and (3.10).
Continuit of N. Assume that ": ---+ v in t2(0, T, L2(0,\W)).
Then the potential aj = g( Vj) is such that (3.14)
for all 1~p < 00 and 
